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An application of a diagrammatic technique, given by us recently, is made for the calculation of the
coefficients of a transport equation for dynamically independent electrons in random impurities. The coef-
ficients of the transport equation are given for arbitrary wavelength and frequency of the electric field
(transverse or longitudinal) and strong single-center potentials, but for low impurity concentration.

I. INTRODUCTION

HE quantum theory of transport of the simplified

but physical model of a real substance consisting
of dynamically independent electrons interacting only
with a random array of impurities has received con-
siderable attention.='* Various methods of deriving,
without untenable assumptions, a transport equation
for the distribution function from the Schrédinger
equation have been employed.

The nature of the coefficients of this transport
equation has been studied in some detail in various
special cases. In the case of a uniform and steady electric
field these coefficients have been given!3:6:12:1¢ in a
power series in a parameter A that is a dimensionless
measure of the strength of the interaction of the elec-
trons with all the impurities. In the lowest order in A,
the coefficients are given in terms of the concentration
of the impurities and the Born approximation to the
scattering cross section of one impurity. In higher
orders in A, higher approximations for the one-impurity
scattering cross section come in, as well as the cross
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section for scattering off two impurities, etc. Luttinger
and Kohn? have also given expressions for these coeffi-
cients in powers of the density of the impurities and in
terms of the fofal cross section of one, two, etc., im-
purities, i.e., expressions valid for arbitrary strength of
the interaction of the electron with each impurity, but
for low impurity concentrations. Even for this simple
case of uniform and steady electric field, the calcula-
tions? become, unfortunately quite involved and thus
no clear way of treating more general cases of physical
interest is evident.

In the case of an imhomogeneous and time-varying
electric field, these coefficients turn out to depend on
both the wave vector q and the frequency « of the
electric field and have been studied®®!* only in the
lowest order in A, i.e., only in the Born approximation
for the strength of the one-impurity potential and the
first power of the impurity concentration. The tradi-
tional Boltzmann equation for the distribution function
then results if these coefficients are expanded in powers
of q and w and, as in the case of smooth and slowly
varying electric fields, only the leading terms are kept.
Beyond these approximations the Boltzmann equation
is ot valid.

In this paper we consider the case of an electric field
of arbitrary q and w and derive the coefficients of the
quantum transport equation in powers of the impurity
density and for arbitrary strength of the one-impurity
potential. Thus, the results of Luttinger and Kohn? are
special cases of these more general expressions. Although
no applications will be made here, this more general case
of finite q and w is of obvious physical interest in the
field of semiconductors and metals.

The method we shall follow is the one expanded
recently by us.!® Although this method was primarily
developed for a system of interacting fermions, it proves
very convenient and relatively easy for this problem
as well.

15 J. L. Sigel and P. N. Argyres, Phys. Rev. 178, 1016 (1969).
We shall refer to this paper as SA-I.
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The Hamiltonian of the system of free electrons in
the field of a set of impurities,

H=H0+V,,;, (1.1)

consists of the kinetic energy

H0=Z EkaTCk, ek=k2/2m, (12)
k

where %2 denotes the wave vector k of a plane-wave
state and its spin ¢, and the interaction energy of the
particles with the impurities at positions R;

V=Y [u(k—F) ¥ e 0¥ Rig e, (1.3)
kk’ J

Here, u(k—F’) is the Fourier transform of the inter-
action energy #(r) between an electron and a single
impurity located at the origin, i.e.,

u(k—Fk") =5,,,,:/d37 ik Ty (1) | (1.4)

Without loss of generality we shall take #(q=0)=0.

Generalizing the driving field of SA-I to be an arbi-
trary electromagnetic field of wave vector q and fre-
quency o (rather than just a longitudinal field), we can
find that the steady-state linear response of the density
matrix is

00

Ap(t)=e‘i°"eng"‘/ dr

0

8
Xez'w r/ d’ye_“’ rpoe'yHJ_qae—'yHeiH‘r
0

8

_e—iwt(_e/c)Aqwaf dypoe ™ T_g2¢vE . (1.5)

0

Here, J_,* is the Fourier transform of the particle
current density operator, as in SA-I (2.13), and p, is the
thermal equilibrium density matrix. Note that the first
term of (1.5) is given in terms of the electric field &,
whether transverse or longitudinal, while the second
term is expressed in terms of the vector potential 4 ,,*.
In order to prove (1.5), one has to use the Kubo
identity!® and integrate by parts.!” For the observables
of interest, namely, the induced particle and current
densities, it is not difficult to prove that the contribution
of the second term in (1.5), which does not involve a
“time relaxation,” can be expressed in terms of the
magnetic field alone and is usually extremely small.
Thus, only the first term of (1.5), which is the most
difficult to evaluate, will be considered in the following.

16 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957).
( 1 S)ee S. Nakajima, Progr. Theoret. Phys. (Kyoto) 22, 430
1959).
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As was shown in SA-I, the induced steady-state value
of an observable

A=3 a(i)
=3 > (k=3¢ |a| k43¢ )cr—g 2l Chiqrs2 (1.6)
k q

of the system for a random distribution of the im-
purities, is given by

A(gw) =§I;‘, (k—3qlalk+39)feu(k), (1.7)

where the distribution function f,,(k), averaged over
the random impurities, is defined as

0 B
fau(®) =qu°‘/ d'rei“"/ ay
0 )

X(Tr{poe T _g%€ " e 7cr_gyaicrrqpe 7)), (1.8)
just as in SA-I (2.20), where now, however, F %= €8,,%
the electric field being transverse or longitudinal. In
(1.8), wis understood to have a small positive imaginary
part.

It was shown in SA-I that this distribution function
obeys the transport equation SA-I (4.3), namely,

i(ek+q,'z —€k—q/2 _w)qu (k)

=§ W au(kk') fou(K))+-Dgu(k) . (1.9)

The coefficients of this transport equation, namely, the
collision and driving functions W (k%) and D,.(k),
respectively, are expressed in terms of the contributions
of diagrams, which are described in detail in SA-I.
According to the rules derived in SA-I, these coefficients
can be evaluated in powers of the impurity density #; by
summing the contributions of the corresponding
diagrams that have (for first order in #;) one bunch of
impurity lines originating from a single point, (for
second order in #;) two bunches originating from two
points, and so on. Thus, this diagrammatic technique
provides a simple method for identifying the contribu-
tions to the coefficients W, (kk") and D,,(k) that are
proportional to #;, #:%, etc. The technical problem still
remains, however, of summing the contributions of all
relevant diagrams. We shall show that this can be done
with relative simplicity.

In Sec. IT we carry out the evaluation of the coeffi-
cients W, (kk’) and D,,(k) to first order in 7, in terms
of the t matrix!® of a single impurity. We emphasize that
this evaluation is valid for arbitrary q and w and for an
arbitrarily strong one-impurity potential #(r). In order
to demonstrate how the technique works to second

18 See, e.g., Goldberger and Watson, Collision Theory (Wiley—
Interscience, Inc., New York, 1964).
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order in #;, we give the evaluation of W ,,(kk’) to that
order in Sec. III. Finally, in Sec. IV we examine the
limiting case (w,q) — 0 and the results are compared
with those of Luttinger and Kohn.2

II. EVALUATION OF W,,(kk’) AND D, (k) TO
FIRST ORDER IN n;

We first evaluate the sum W, [11(kk’) of the contri-
butions of all diagrams for the collision function
W ,u(kk’) that are proportional to the impurity density
n;. According to the rules in SA-I, the diagrams for
W 4o'1(kE') are of the general form shown in Figs. 1
and 2; in each of these, all impurity lines belong to a
single bunch. The diagrams of Fig. 1 are characterized
by the fact that one of the fermion lines runs from one
end to the other of the real time axis without any im-
purity vertices on it. Their contribution to W, 11(kk’)
will be denoted by W, 141(k%’), which is clearly propor-
tional to 6xrr. The diagrams of Fig. 2, however, have
impurity vertices distributed between both fermion
lines; their contribution will be denoted by W, ['B1(kE’).

In this application it proves convenient to represent
by a single diagram, like the one in Fig. 1(a), the sum
of all diagrams that differ from it only in that some of
the impurity vertices on the real time axis are displaced
above or below that axis. (As in SA-I, we do not ex-
plicitly display the real time axis in a shorthand
diagram.) Note that this shorthand differs from that of
SA-T in that “conjugate” diagrams, i.e., those obtained
from each other by reversing the directions of all the
fermion lines while moving all real time vertices above
(below) the real axis below (above) it, are considered
separately. Thus the diagram in Fig. 1(b) is the con-
jugate of that in Fig. 1(a) and is to be evaluated
separately. We use this convention, because, in the case
of nonvanishing q and w that we are studying, the
contributions of “conjugate” diagrams are zof simply
the complex conjugates of each other. This shorthand
proves extremely convenient in this case of no inter-
particle interaction, because, as is easily verified from
the rules given in SA-I, the contribution of a shorthand
diagram (i.e., the sum of the contributions of all
diagrams that it represents) is given by the contribution

~ A

AN /I,
//ll \:\\\ //’l \‘ \\
Ve 1' \ N / 7\ \\

(a) (b)

Fi1c. 1. Diagrams for the part W,[141(kk’) of the first-order
collision function W, [1(k%’), which is proportional to dzr. We
use shorthand diagrams in which no real time axes are displayed.
A shorthand diagram represents the sum of all diagrams that
look like it, except that the positions of the vertices with respect
to the real time axis in each of them is displayed. Note that dia-
grams (a) and (b) are “conjugate” to each other.
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Fic. 2. Diagrams for Wq,[1BI(kk’), In diagrams (a) and (b),
the impurity interaction vertex farthest to the left is on the upper
line (going from right to left) while it is on the lower line in dia-
grams (c) and (d). The vertex farthest to the right is on the upper
line in diagrams (b) and (c) and on the lower line in (a) and (d).

of the single diagram displayed with the statistical
factors that are associated with the fermion lines of the
diagram ignored altogether.

The sum of all diagrams (i.e., with any number of
impurity lines) of the type shown in Fig. 1 is

W g0 141 (kE')

s X S Y w(b—Eulki—Eo)- - (kns—F)

n=2 k1 kn—1

X{(—=i)" ijl Lilersrarr—er—gp—w) ™

n—1

+i* IT [i(errarz—erjmarz—) 71,  (2.1)

=1

the first (second) term being the contribution of all
diagrams of the type shown in Fig. 1(a) [1(b)]. In (2.1),
kit+4q/2, ... ku_1+q/2 label, from left to right, the
momenta of the fermion lines between the impurity
vertices in a diagram like Fig. 1(a) with # impurity
lines [a similar statement is true for Fig. 1(b)]. The
factor 8 in (2.1) makes it clear that W, [1141(kk’)
represents the usual ‘‘scattering-out” part of the
collision function W ,,[*1(kk").
In order to write (2.1) in a more meaningful form, we
introduce the quantities gx(2) and #-(2), defined as
gr(z) =(z—e) 7, (2.2)

tow (2) =u(k—k')

+E T T k=) ullaa—F)

n=2 k1 kn—1

xi;Ilgkxz), 2.3)
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where 2z is a complex variable. As it is given above,
trir(2) is precisely the perturbation expansion of the
well-known ¢ matrix!® for a particle scattering off a
single impurity located at the origin, i.e., off a potential
u(r). It is easily seen that (2.3) is the iteration of either
one of the standard f-matrix equations

lfkk'(Z) =M(k—k/)+§ u(k—k”)gkn(z)tkukz(z)
='I4(k"‘kl)+kz,; Lo (2)ger @) u(R”’ —k). (2.4)

We note that both g(z) and #(z) are analytic off the real
axis; gx(2) has a pole at e;, while #4(z), in general, has
a branch cut along the positive real axis (in the limit of
infinite volume) and poles on the negative real axis for
possible bound states. Furthermore, as z—©,

Lo (2) —u(k—k)~1/z, (2.5)

as can be seen from (2.3). Here we demonstrate a useful
relation between the difference and the product of two
¢ matrices, namely,

litare ir+a/2(3+32") —tigs2, b—q/2(3—32")
=§ litqr2,kr+ar2(3+33")
XGrrg(35 ) —q /2,0 —as2(3—32")
=2 li—q/2.k—q/2(5—3%")
=

XGrrg(33 )k ras2 bta2(z+32"),  (2.6)

where
(2.7

To prove (2.6), we note that its left-hand side is,
according to (2.3),

Gro(3,5) = ghpas2(3+3%") —gr—qi2a(2—37") .

S Y E ulh—k) una—F)

n=2 k1 kn—1
n—1 n—1
X[ IIlgki+Q/2(z+%Zl) — I gri—ar2(z—32)]. (2.8)
= =1

If we now apply the formula

n

11w~ ye=3 (I s)@=2)(IT 3) (29

i=1 =1 i=1 i=j+1

to the difference of products in (2.8), rearrange the
sums, and relabel the momentum variables, we get the
first equality of (2.6); the second equality is a trivial
consequence of the first.

We can now write W ,,[141(kk’) in terms of the ¢
matrix by comparing (2.1) and (2.3); thus,

W 0o M A1 (RR") = 811m:(1/) [Erpas2,kt-ar2(€h—q/atw)
_tk—q/2-k—q12(€k+q/2 —w)].

(2.10)
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Furthermore, since (z) is analytic off the real axis and
behaves at infinity according to (2.5), we can rewrite
(2.10) as an integral:

o dz
W g M4 (kE") = brims / ;GkQ(Z’w)

—w 2T

X[ letaszirar2(3H30) —li—g/2i-g2(z—3w)], (2.11)
where Gr,(z,w0) is given by (2.7). To see this, we recall
that w has a positive imaginary part and we close the
contour in (2.11) in the upper (lower) half-plane for the
first (second) term, thereby enclosing the pole of
Gro(2,0) at €p—g/2t3w(errq2—3w). Finally, if we use
the identity (2.6), we obtain for W,,U!41(kk’) the
equivalent expressions

qu[lA] (kkl) = — Okt Z wqw(l)(kk”>
"

= — S o Weo D (R'E),

G

(2.12)

where

+° dz
Wao D (kE) = —/ —Gio(z,0)
e 2T
X Trrr o(2,0)Grro(z,0)  (2.13)
and

Trrr,q(2,0) =iy g/0,04072(3+ 50)
Xty —qf2,k-q/2(3—3) .

(2.14)

The expression (2.12) suggests that n,w,,® (kk’)
plays the role of a scattering probability rate from the
state k' to the state k in the case of an arbitrarily
varying electric field. That this is the significance of
nweV(kk’) is substantiated further by the study
carried out below of W ,,UBI(kk’), the part of the
collision function that represents the “scattering-in.”

Typical diagrams for W,,['BI(kk’) are shown in
Figs. 2(a)-2(d). These four types of diagrams are
characterized as follows: The impurity vertex farthest
to the left is found on the upper fermion line (directed
to the left) in diagrams 2(a) and 2(b), and on the lower
fermion line (directed to the right) in diagrams 2(c)
and 2(d). The impurity vertex farthest to the right is
on the upper fermion line in diagrams 2(b) and 2(c),
while it is on the lower fermion line in diagrams 2(a)
and 2(d). We shall evaluate here only the contribution
of all the diagrams (i.e., with any number of impurity
lines) of the type shown in Fig. 2(a), to be denoted by
W 4@ (kk’). The other contributions W ,,®(kk’),
W 4o @O(kE"), W o, @D (RE') are evaluated in essentially
the same way, and we shall therefore simply incorporate
these into the final result. Applying the rules of SA-I
for the evaluation of W, (kk") to the diagrams of the
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type 2(a), we have

W) =ns 3 3 (=) (1/)+

n=1 l=1
X Z “22 2 2 Okukrtas28pg,k—as2
kn DO pl-1
Xu(k-+hg—k)- - ulls—F —39)
Xu(k' —3q—pii1)- - - u(pr—k+3q)
XP(GM' * €kpy€po” T emﬁl,w), (2-15)
where
P(ka' ©€kpy€po” Epz_nw)
n n n —1
=2 2 X H[H (er;—€py—w) 7],
vo=1 r1=yg vi—o=v]—3 s=0 j=vg—1
(2.16)

with »_;=1 and »,_;=#. In (2.15), = stands for the
number of impurity vertices on the upper fermion line
and ! for the number on the lower fermion line;
ki, ks, . .., kn=Fk'43q label the momenta of the upper
fermion lines between the impurity vertices, while

Po=k—3q, p1, ..., pi1 label the corresponding ones
of the lower fermion lines; finally, the factor
P(ery" * *€hpyEpy” * “€p_,w) denotes the sum of all the

products of the factors (Ae;—w)™! that arise from all
possible orderings of the #4-/—2, as yet unfixed,
vertices on the real time axis. This quantity is discussed
further in the Appendix, where it is shown [see (A3)]
that

Plery- -

*€kny€po” " ° fpl—la“’)

o Jo
=<—1>"/ ~Hgk,(z+2w>ngp,(z—~ 2.17)

e 7=1

If we now insert (2.17) in (2.15) and take into account
the definitions (2.3) and (2.7), we find for W, (kk’)
the simple expression

+ dz
W 4o ®® (kR') =”i/ z—gk—qﬂ(z—%w)

T

X Tk, o(2,0)grrar2(z+3w) . (2.18)

The factors gk_q/z(z— 10)girrqe(z+3w) In (2.18)
come from the fact that in diagram 2(a) the impurity
line farthest to the left (right) is on the upper (lower)
fermion line. In a similar way, one obtains for
W o (RR"), W 0o (RE'), W 4, (kE') integrals like
(2.18), with the factors just mentioned replaced by

(=Dgr—g/2(z—30)grr—q/2(a—30)
Erras2(3+50)gr—q/2(3—3w)
(= Dgrtar2(zt+30)gr 1a/2(a+350)
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respectively. Putting all these results together, we get

' 0 dz
W 4o UB (kR") = _ni/ —Grq(2,00) Tirr,o(2,0) G o(2,)

™
=1We0'V(kE'), (2.19)
the last equality following from definition (2.13).
Combining the results (2.12) and (2.19), we have

that the collision term of the general transport equation
(1.9) is, to the first order in #;,

= W aul 3ok fuulR)
= nfwau (k) faul¥)
>
~wa OB faul)],

where the kernel w,, ™ (k%’), which plays the role of a
transition probability rate, is given by (2.13) in terms
of the ¢ matrix for the scattering of a particle off a single
impurity located at the origin.

We now turn to the evaluation of the contributions
D, YI(k) and D,,"1(k) of zeroth and first order in the
impurity density, respectively, of the driving function
D o).

The zeroth-order term is simply

ko F(ertq/2) —F(€r—q/2)
qu o (k) = —'qua’— )
M €hiq/2— €h—q/2

(2.20)

(2.21)

where F(e) is the Fermi-Dirac distribution function
F(e)=[eflem 4171, (2.22)

For later convenience, we note that F(z), as a function
of a complex variable, has poles at z=pu+ (2n+41)7i/B
(» an integer), all of which are off the real axis. We can
thus represent (2.21) by the integral

ke dz
D11 (k) =F 40— ;‘F (2)grras2(2) gr—qs2(z), (2.23)

m Jgimt

where C is a contour made up of one line going from —
to 4 above the real axis and another from -+
to — below it, as in Fig. 3.

Re z=0

— Imz=0

Fi6. 3. The contour C used in integrals found in contributions
to Dge (k) C runs just above the real axis in the positive direc-
tion and just below in the negative direction.
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Fic. 4. Diagrams for Dg,[!41(%) the part of Dg,[1(k) with no
explicit dependence on w. In the shorthand we use here, vertices
occurring to the right of the vertical line are in the imaginary
time region, while those to the left are in the real time region. The
real time axis is not displayed in these diagrams because we are
using the same shorthand for real time vertices as in Figs. 1 and 2.
Also, we mean to represent by one diagram all those which differ
from it only by having the vertices on the imaginary axis in a
different relative ordering. Coalkonbk

The contributions to Dg,!(k) can be classified
according to whether or not, apart from F,%, they
depend on the frequency w. The part of D,,M(k) that
has no such dependence, to be denoted by D,,l'41(k),
is obtained by evaluating the contributions D, (k),
Dy, (k) and Dg,“9 (k) of all diagrams of the types
depicted in Figs. 4(a), 4(b), and 4(c), respectively.
These are diagrams with all impurity vertices to the
right of the vertical line, i.e., in the imaginary time
region. (As in SA-I, we take a diagram to represent not
only itself, but also those which differ from it only
by the ordering of the impurity vertices along the
imaginary time axis.) By applying the rules described
in SA-I, we find that the sum of the contributions of all
diagrams of type 4(a) with any number of impurity
lines is

ko =
qu“a')(k) =Fgo*—n; Z (_1)n+1
m n=1

XZ R Z u(kn~—-kn_1)- . 'u(k1—'k0)
k1

X Qs e, (2.24)
where
Q(er_1€roers * * €xy)
8 8
[ F(et) T~ F(es)] f dyor - / &r.
0 0
XI:IO [eXP'Yi(fki_fki~1):|
XIT (00r—15-)[1—F(e;.0]
—0(yj—1—v))F(er;0)}, (2.25)
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with k_1=%k—%q and ky=k,=k+3%¢. In (2.25) we have
introduced for convenience the unit step function 6(x),
which is equal to 1 for >0 and equal to 0 for x<0. In
analogy to the quantity P in (2.17), the quantity Q can
be expressed simply as

Qer_s€ro " * €ry)
dZ n—1
—(— 1) / @ grrarn @ IT )]
¢ 2mi i=1

X grra2(2)gi—qs2(z), (2.26)

with the contour C as in Fig. 3. This result is proven in
the Appendix [see (A9)]. Now using the definition (2.4)
for fx(2) in conjunction with (2.26), we find from (2.24)
that

ke dz
qu(m)(k):”z’qua-"/—,F(Z)gk+<1/2(z)
m Jc 21r$

Xtrras2,itar2(2)girar2(8)gr—qs2(z) . (2.27)
In a similar way, we find that
ke dz
Dy (k) =1iF 4o*— | —F(2)gk1as2(2)
m Je2mwi
X gr—q/2(2)th—qs2,k—a2(2) gr—as2(z)  (2.28)
and
ko dz
Dy, 40 (k) =nF g0 > — | —
¥ om Jo2mi
XE(2) grrar2(@)lirar2,v4a/2(2) g as2(2)
X grr—q2(2)hr—qs2,k—q/2(2) gr—qs2(2) . (2.29)
Collecting these results, we can write
D, 141(k) =n:A,(kk) , (2.30)

where the more general quantity A,(k%’), which will be
useful later, is defined by

dz
A (kR =qu“f —F(z)

c 271

ko
Xgk+q/2(z)<—gk—q/2(2)75k—q/2.k'—q/2(z)
m

k!
+Z tk+Q/2,k"+Q/2(z)gk”+Q/2(Z)_'—
kll m

ngrr_._q/2(Z)tk"—q/Z,k’—q/z(z)
’

ke
+Ifk+q/2,k'+q/2(Z)gk'+q/2(2)——)gk'—q/2(z)- (2.31)
m

It is worthwhile to note that this rather complicated
expression simplifies considerably for the case of a
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longitudinal force field F,,*= —ig%bq,. Using the
identity (2.6) and the relation ¢%./m=€xyq2—€r—q/2,
we find

dz
AgkE) =~ / —r@)

c2r

XL grrar2(@)teraszisar2()grrtara(2)

—gi—q/2(B)te—g/2,7—q/2(2) Gr—q/2(2) . (2.32)

We now consider the contribution D,,U'BI(k) to
D,,M(k) which depends on the frequency w. Examples
of the diagrams that contribute to D,,['81(k) are shown
in Fig. 5; these diagrams have some impurity vertices
on the left of the vertical line, i.e., in the real time
region. Actually these diagrams are meant to represent
also those that differ from them, in that the impurity
vertices lying to the right of the vertical line (i.e., in the
imaginary time region) lie either all on the bottom line
or both on the top and the bottom lines. Diagram 5(c)
differs from 5(d) in that the vertex farthest to the left
lies on the lower line in 5(c) and on the upper line in 5(d).

We shall not give here a detailed exposition of the
evaluation of these diagrams; instead, we sketch the
procedure. To handle the factors arising from the
vertices and intermediate states in the real time region
(to the left of the vertical line in a diagram), we apply
the methods developed to evaluate the contribution of
the diagrams in Figs. 1 and 2. The techniques used for
the evaluation of the diagrams in Fig. 4 are used to
obtain the contribution of the part of any one of these
diagrams in the imaginary time region (to the right of
the vertical line). We note that this part of the evalua-
tion always yields a factor A,(k’k’’). Rather than
displaying the result for D,,[Bl(k) alone, it is con-
venient to combine it with (2.30); thus we have
altogether

Do) =Dy 41 (£)+D V) 8)

© dz
=—n; 2 ~—Girq(3,0)

I )
XLokwrFtiras2rar2(G+30) grrrar2(z+30) ]
X8k rktgrrr—ar2(z—30) k1 —qr2,5q/2(3—3w) ]

XAR'E"). (2.33)

The term in (2.33) associated with 8iu8xx is precisely
D,,'41(k), as given by (2.30). This term is simply the
modification (to first order in #;) of the driving term
D,,1°1(k) [see (2.21)] due to the fact that the electrons
were in thermal equilibrium in the presence of the im-
purities before the electric field was turned on. The
remaining terms in (2.33) give D,,['B1(k), which de-
scribes (to first order in #;) the effects of the electric
field on the collisions of the electrons with the impurities,
i.e., Dg,!'B1(k) is the interference term.
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(c) (d)

Fic. 5. Diagrams for Dg.Z1(k), which depends explicitly on w.
Here we do not display all the possible positions that the external
field vertex (represented by the wiggly line) can have with respect
to the impurity vertices in the imaginary time region.

Thus, Egs. (2.20), (2.13), (2.21), (2.33), and (2.31)
give the coefficients of the transport equation (1.9) for
arbitrary q and w in terms of the ¢ matrix for the scat-
tering of an electron from a simple impurity at the
origin, but up to the first order in the impurity density
n;. These coefficients are given above, primarily for
convenience, in terms of integrals; these can easily be
carried out by contour integration.

III. EVALUATION OF W,,(kk’) TO
SECOND ORDER IN n;

In this section we calculate W ,,[21(kk’), the contri-
bution of second order in #; to the collision function
W qu(kk"). We do not, however, calculate here the driving
function Dgy,(k) to this order since no new techniques
are necessary and the calculation is fairly long.

Let us begin by considering a special class of diagrams
for W 4, 121(kk") not proportional to 8z, which have one
of the two following properties (we note that a second-
order diagram cannot have both of these properties):
(1) Aside from the fermion lines closing up the diagram
at either end, there is one other line in the diagram
which has momentum k=43¢ or k'43q. (2) In the
diagram there is a pair of lines for which the momentum
difference is constrained to be ¢ while the momentum
average is unrestricted. The reason we single out these
diagrams is because we must be careful, in calculating
their contributions, not to include any terms which have
factors (errryq/2—€rr—qa—w)™L; a term of this sort
cannot, according to the rules discussed in SA-I, occur
in We,(kk"). Diagrams of this class are shown in
Figs. 6-8.

Consider first the diagrams shown in Fig. 6. Diagram
6(a) is distinguished from 6(b) in that in the former, a
vertex from the bunch B is farthest to the left, while in
the latter a vertex from bunch 4 is farthest to the left.
(In these diagrams we do not make a distinction as to
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A B A B along the real frequency axis; thus
A A

\
| ’ \‘l (Gb)(kk/) * dsdd
o ~ Crp

X gh—q/2(2' —3w) kZ Lita/2,0740/2(3 +50)

a
(a) (b) Xgerrpqr2(2' +50) g ar2(3+30)
F16. 6. Diagrams for the contribution W 4,[81(k%’) to the second- 1 1
order collision function W gl (kE'). These diagrams have two Xterrgar2 era2(5430) grtas2(5+350)
fermion lines with momentum &-3%¢. If the 4 bunch were on the
lower line there would be two lines with momentum & —3q. X T, o(2,0)Gr o(2,0) . (3.2)
5 Appealing to (2.6), we can rewrite this as
A
R ) 3 A
AN S / | AN A
1 \\ ~ t‘ N / \\

© dzds’
W o' (kR )= —n [

L\ | | ! i w =—n; SRy ¢gk o/2(3' —3w)

titar2,brar2(3'+50) —teras2,kra/2(z+30)

’
z—3
(a) (b)
1 ' /
F1c. 7. Diagrams for W 4,171 (k%). These diagrams have ng+Q/2(Z+2OJ)Tkk ,q(Z,OJ)Gk q(Z,(.d) . (3-3)
two fermion lines with momentum &’+4%q.
We note here that as a function of 2/, the fraction in
(3.3) is analytic in the upper half-plane; in particular,

it is analytic at z=2'. Closing the 2’ contour above and
adding in the result (3.1), we get

Ny N
‘ W oSO+ 17 @ ()

* dz
(a) (b) = _ni2/ “qu(z,w)Gqu(Z,w)

—w 2m

/

N /\\ / A“ //1
\ /) S
| 1

F16. 8. Diagrams for W ,,[81(kk’). These diagrams have a pair 1 1
of fermion lines, the difference of the momenta of which is fixed Kttrar2ra/2(3+30) grras2(3+30) Trrr o (2,0)
to be ¢. The average momentum of these two lines is unrestricted.

* dz
—n [ —Lktq/2.ktrq/2(€k—g/2Fw)
whether the vertex farthest to the right is on the upper —o 2T

or lower line.) Note that both of these diagrams have X Zk—q2(2—300) grpg/2(z+2w)

the feature that at least one B vertex is to the left of

some A vertices—a diagram not having this feature X T, o(2,0)Grro(2,0) . (3.4)
would not be appropriate, according to the rules given

in SA-I. The contribution W ,,© (kk’) of diagrams of Adding to this the result of evaluating diagrams like

the type 6(a) is easily evaluated using the methods the ones in Fig. 6, except that the 4 bunch is on the

evolved in Sec. IT and in the Appendix; thus lower line, we get a contribution
w(Ga) kE © dz
o () W)= = [ ZGfe)Ge(e
I A () o
=—n; — 243w) 1tkras2,kras2(z+30
/-ac g SRR Tk T X[ gi+ar2(zt+30)tiras2 brar2(z+3w)
’ ’ . 3.1
XTuwr,o(5)Grralz). - (3.1) +8ra/2(3—F)lk—q/2,k—q/2(3—5w) ]
To evaluate the contribution of diagrams of the type n;?
6(b), we treat separately the parts of the diagram to the X T, qo(2,0)+ )
left and the right of the last B vertex on the left. We Uekra/s— Emg/2 0
can treat each such part essentially as described in X W V(R w,o V(kR), (3.5)

Sec. II, and we are led to introduce two integrations L
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where we have used (2.10), (2.12), and (2.19) to obtain
the second term on the right-hand side of (3.5). We
remark here that although the second term [with a
factor (errqi2—€r_qi2—w)~ 1] is singular in the limit
g,w0— 0, the whole expression for W, ®(kk’) is not,
since the first term has an equal and opposite singular
contribution. We have written W ,,®(kk’) in this way
so that we can make a comparison with the results of
Luttinger and Kohn.? In a precisely similar way as
above, we can evaluate the contributions of the dia-
grams of Fig. 7 as well as those which differ from them
by having their 4 bunch on the bottom line. We obtain

00

2
W oD (k) = —n 2 f G5l T a0

0 2T
XL grrrar2(3+30) a2 s ar2(z+50)
Fgir—qg/2(z—30) i —q2,kr—q/2(z—3w) ]

1’!1;2

+

i(€krq/2— €rr—q/2—w)

X2 WV (kR )wa V(R'E"). (3.6)
kll

00

qu(a)(kk,) = —nﬁ/

oo 2T
where
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dz
E—qu(z,w)Gk/q(z,w)%ka',q(z,w) )
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The last types of diagrams that belong to the special
class described earlier are shown in Fig. 8. The essential
features of the evaluation of the contribution of these
diagrams are like those used for diagrams 6 and 7. After
some manipulation, we obtain

00

dz

W o ® (k') = —n? X —Grg(2,0) Trrr,o(2,0)
v J o 2m

X girrqr2(z+30) g —q/2(3— 50) Tk ,o(2,0)

1’L¢2

XGrro(z,0) =2

W7 4(€rrr g2 €rrr—g/2— @)

XD (kR we P R'E).  (3.7)
Note that the terms in (3.6) and (3.7) explicitly in-
volving w,,® vanish when added together and summed
over k’.

Consider now the diagrams for W,,RI(kk’) (not
proportional to &) that are not members of the class
described above. We note that they present no prob-
lems similar to the ones discussed above and their
contribution can be evaluated exactly as in Sec. II.
Denoting it by W,,®(kk’), we shall give here only
the result

(3.8)

L, o(2,0) = / d’Ry / @PRoAT ke g/2,17+0/2" (34 30) Tir—g/2,k—/2'2 (8 —50) + 2Tk /2, 0-+4/2" (3 H50)
X[Tk’~q/2,k—q/21(z_%w)+§ Tk’—q/Z,k”—q/21(Z_%w)gk”wq/z(z_%w)Tk“—q/2,k—q/22(z‘_%w)]
+2|:Tk+q/2,k'+q/21(z+%w)+§ Thta/2,0+q/2 (3 50) g4 q/2(3H50) T2, k4022 (3 F30)
XTh—q/2,k—q/2" (3 —Fw) +2 ka: Thta/2.b' +a/2" (B 50) grr g /2(3H50) Thorpa /2,022 (3 500)

(3.9)
(3.10)

XThr—q/a,krrr—qr2 (5= 350) grrrr—q/2(3—30) Thrrr_qso,k—a/2*(3—3w) }

i (8) = KD Rty () =il — )5 wi(k— B gurs(3) i1 (3)
kll

and We note here that, of course, from the diagram tech-
nique we do not directly obtain I''2, but rather its
iteration. In Eq. (3.9) the volume integrations are over
the impurity positions R; and Ro.

Thus, denoting the sum of all contributions to
W o!21(kk") not proportional to & by 7;2w,®(kE),
we have

wi(k—Fk)=e ", Riy (b —F), (3.11)

We also have the defining equation
I‘W“(z)
2 wl(k—k")gu (2) i (@) gurr (2) T i (2)

P

+ 2 wk—k")gr (@) miowr (2)grrr (2) Thor i (2)

Bk
3 [ k) =)
Xgr () Dot (2) .

12 s P (RE) =W 4 @ (RE)+W 4, (RE)
+W o @ RE)+W 0 @ (RE) . (3.13)
We now consider briefly the contribution to

(3.12) W ,!21(kk") that is proportional to &, to be denoted
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/4\ AN two sections in the limit q— 0, then w— 0. We remark
AN g o that we take the q— 0 limit before the w— 0 limit,
4 N > because this corresponds to the physical situation of a
“ uniform time-independent, but adiabatically switched
y external field. We also note that in taking the limit
V w— 0, we really mean to take Rew— 0; the Imw—0
(a) (b) limit is always taken at the very end of the calculation.
For convenience, in the rest of this section we shall
" denote Imw by 2a.
AN Let us consider the collision function. First note that
A AN for real 3z,
\V/ and
m T, q(z,0) = [tkk/(z-l—ia) I 2, 4.2)
(C) w,q~>0
F16. 9. Some diagrams for the part W, [241(k%’) of W4, 21 (kE')
which is proportional to 8. Diagram 9(a) is closely related to the Then from (2.13) we have
diagrams in Fig. 6. The contribution of diagrams 9(b) and 9(c)
has a part closely related to the contributions of thc’a diagrams in 202 1
Figs. 7 and 8; the remainder is related to W, ® (k%’). limo Weo V(kE) = — f dZI gr(z+ia) I 2
w,qg—> T .
by W.!*41(kE’). In Fig. 9(a) we have displayed the . )
type of diagram that has a contribution connected to X | gi(z—10) | 2] trar (z+-10) | 2. (4.3)
W 40 @ (kE’); in fact, it can be shown that the contribu- . .
tion of diagrams of this type can be written as Comparing with Eq. (91) of Ref. 2, we see that
— S O (B! .
Okk % W o (kk ) (314) wh;go %iqu(l)(kk’) = —.Jkk'(l) =MWk (44)

The contribution of all diagrams of the types shown
in Figs. 9(b) and 9(c) is given by

=8 d 2 [W g0 (RE")
kl/
FW 0o @ (RE") A ()} (3.15)

We note that the term —dxrrA g, (k) in (3.15), plus the
sum of all contributions of diagrams for W, [2!(k%’) not
yet considered, can be written quite simply as

- Bkk' Z qu @ (kk”) . (3.16)
kl/

Thus, collecting these results and using (3.13), we have

W g0 P41 (BE) = — 811 X ni2wa, @ (BE") . (3.17)
kll

Finally, the collision term of second order in #; of the
transport equation (1.9) can be written as

2 WaoP1(kE') f oo (R) =22 %W 40 ® (RE')
k! 14

X[qu(k’) "‘qu(k):l ’
where w,,®(kk’) is given by (3.13).

(3.18)

IV. STATIC, UNIFORM LIMIT—COMPARISON
WITH RESULTS OF LUTTINGER
AND KOHN

In this section, we shall discuss the coefficients of the
transport equation that we have derived in the previous

1

where Jpr D and wyy are defined in Ref. 2. Referring to
Egs. (3.5)-(3.8) and to (108)—(111) of Ref. 2, we find

limo qu<6)(kk') =nﬁ[[kk/<1’—|—lkk' (l)*:l
w,g—>
1
—_— Z ]kk,,(l)]kk,(l) R
20( 1

limo qu(”(kkl) =n¢2[1kkr(2)+lkk:(”*:|
w,q—>

4.5)

1
— 3 T OT ™ (4.6)

2(! K

limo W 4o ® (RE") =021 13
w,qg—>

1
F =2 T DT gy, (4.7)
2a )24
and
Hm W@ (BE) =021 © .

w,g~>0

(4.8)
We thus find from these equations and (3.13) that

1
limo n;2’wqw(2) (kk,) = "Kkk’ , (49)
w,q->

1

where K is as defined by Eq. (133) of Ref. 2. Thus,
up to order » our collision function in the limit
w,g— 0 becomes identical to that of Luttinger and
Kohn.?
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Let us now consider the driving function. Since in
the limit ¢ — 0, there is no difference between transverse
and longitudinal fields, we can use (2.32) and find

lim A, (k') =A (k')
P

. (a L /‘dz )
=Fy* —F(2)gr(z
“\ot. aka,> o 2mi (e)ex(z)

Xt (2)gr (2) -

(4.10)

If in Ref. 2 we change from Boltzmann to Fermi
statistics, i.e., change their p°(2) to F(z) (we shall say
more about this when we discuss the zero-order term),
we find that

A(kk')= —Fo*Prr®, (4.11)

where Pi® is defined in their Egs. (152) and (153).
From Eq. (2.33) we then see that

lim D, (k)
w,g~>0

o o0
= —mFoo“(Pkk“— —[ dz| gi(z+ia) |2

T

X{ % [tkk/(z+ia)gkz(z+ia)Pk:k“

+Prge (2— i)t i(z—ia) ]
+ > b (aHia) gr (z+ia)

kE’

xpk,knngkn(z—ia)tkuk(z—ia»). (4.12)

Using Eq. (151) of Ref. 2, which defines the quantity
B, MW, we have

Jim Do 11(k) = —niFosPras+(1/)Be. (4.13)

Finally, let us discuss the zeroth-order, term Dg,1°1(k)
in the limit ¢— 0, @ — 0. We have simply

d
lim Dy, (k) = — Fog™—F (ex)
@100 ok

a

l¢] dz
=Fo*— ——F(z)gk(z) . (4.14)
aJ LT
Notice now that

a
“Foo"gk—F(ék) —n:Fo0®Pri®#1(CrD4-C, V),  (4.15)

a

where C©® and C;® are as found in Appendix B of
Ref. 2. If equality did hold in (4.15), then in the limit
w,g— 0 our transport equation would be the same as
that of Luttinger and Kohn. What is the nature of the
difference? To answer this question we note that the
above-mentioned authors have effectively used a
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distribution that corresponds to the same number of
electrons whether or not the impurities are present;
furthermore, they have used a Boltzmann distribution
function. In our work, we have used a constant chemical
potential and have also used Fermi statistics. Let us
see what happens if we write D% in terms of the
chemical potential wo, which makes the number of
electrons in the pure system equal to the number in the
impure system with chemical potential x. To first order
in #;, we have
az a
== [ Z(rErHa—n—t))ae
w

C 27r1

d
_..% / E%F(Z){gk(Z) +n'[gk(z)]2tkk(z)} , (4:.16)
hence ¢

dz
(i) = —1: f RO ) [
v Jo2mwi

dz 9
| ——F@Euk). 417)

k Jo2wi ou
We then can write

d
lim Dqol0 (k) = — Fog—
w.lqr{’lo ? (k) 00 ak

a

X| Folex) — (—po) —diiF(z)gk(z) , (4.18)
271 0

C el Ol

where

Fo(z)=(efer4-1)71, (4.19)

Now let us note that if we replace F(z) by its Boltzmann
limit

FB(z) =BG (4.20)

in that limit we then obtain from (4.17) and (4.18),
(i)
D, (k)= —Foo";;[FoB(ék) (14n:8)]. (4.21)

Here § is as defined in Eq. (B23) in Ref. 2. (Our ex-
pression for & looks slightly different in form from theirs;
this is because we have normalized our distribution
to IV whereas they normalize to unity.) With expression
(4.21), we can establish equality in (4.15). Thus we
conclude that in the Boltzmann limit and for w,g —0
our transport equation is identical with the one of Ref. 2
(except for a trivial over-all factor of ;). For general
Fermi statistics, we get the equation

IUNEES RN CORION

a
= iFOO“(S;F(ek) +1’L,‘Pkk°‘) —Bk(l) , (422)

a
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where Jipw @, Kipr, Prie®, and Bi® are as in Ref. 2,
except that we replace pB(z)=e#2/K, occurring there
by F(2).

To conclude, we note that our calculation is strictly a
result of perturbation theory. However, we have
identified certain sums as the iterations of integral
equations that functions such as the ¢ matrix satisfy. If
we interpret the ¢ matrices, etc., in our expressions as
their exact values (rather than the values obtained from
the perturbation series for them), we expect our results
to be valid even when perturbation theory fails. The
fact that our results in the limit w,qg — 0 are identical to
those of Luttinger and Kohn,? which were not based on
perturbation theory, strengthens this expectation. In a
later paper, we shall obtain the same results we have
found here by a nonperturbative method, thus com-
pletely confirming this expectation.
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APPENDIX
The quantity P in equation (2.16) is of the general

form

P(y1- - Yuy®1- - - ny)

n n n l Vs
=X X X I IT Gi—x—w), (Al
v1=1 va=y1 vi—1=vi~2 8=1 j=vgs—1

with yo=1 and »;=#. Here y; and x, are real numbers,
while w is complex with a positive imaginary part. Each
term in the sum is a product of #-+!—1 distinct factors
(y;—%s—w)~ ! with the following restrictions: (i) In each
product, every y; and every «, must occur in at least
one of the factors (y;—x;—w)™%. (i) If x, and y; occur
together in a factor (y;—xs;—w)™! of a product, and
xs and y;» occur together in another factor of that
product, and if 7> §/, then s> s’; alternatively, we can
say that if s>s’, then 72> 7'. The sum in (A1) is over all
possible distinct products conforming to the two restric-
tions. Note that it follows from the alternate way of
stating restriction (ii) that we also have

P(yl *tYns¥t 'xlyw)
(A2)

(y]'_xs _w)_l ’

with »o=1 and v,=I.
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We shall now prove the lemma

P(yl CYny¥1t 'xbw)

t° dz
=("1)"/ — 1 (z+30—y)!

— 2Tl =1

X IiIl (z—3w—2x,)"1. (A3)

Note that in fact P does not really depend on # in the
way the first factor in (A3) might suggest; this super-
ficial sign dependence on # can be eliminated by simply
changing the sign of the first # factors within the in-
tegral. In (A3) note that the contour can be closed in
the upper half-plane (where the poles of the terms
involving the «’s lie), or in the lower half-plane (where
the poles of the terms with the y’s are).

We shall prove lemma (A3) by induction. For /=1
and arbitrary #, by closing the contour in the upper
half-plane, we get from the right-hand side of (A3)

n

I;[l (yi—x1—w)™, (A4)

which is easily seen to be the same as (A1) for /=1. Now
for I=L and arbitrary =, the product of the last two
factors of (A3) can be written in terms of their difference
(for the moment we take xz7xz_1), and thus

* dz
(e —xr-1)"1(—1)"

o 2T
n L—2
X II (z+30—y) " I (—30—2x:)""
J=1 s=1

X[(z—3w—2aL) ' —(z—30—xr-1)""]. (AS)

Assuming that the lemma (A3) is true for /=L —1 (and
arbitrary #), we note that (AS) can be written as

n

(er—xr—1)" Zn: R

vi=1

Vs

I:IZ II Gi—xs—w)™

vL—2=vL—3 §=1 j=vs—1

X[ ﬁ (yi—xr—w)™?

J=vL—2

- InI (yi—xz—1—w)™1]. (A6)

J=vL—2

The difference of the products in (A6) now can be
written, according to (2.9), as

Zn: ﬁ (yi—%r1—w)™

T=vL~2 J=vI—2

X ﬁ (yj—ar—w) (ar—x2-1). (A7)

=i
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Using (A7) (with the dummy index 4 changed to v_1)
in (A6), we obtain (A1) for the case /= L. This proves
the lemma by induction. Note that we have considered
only the case x;_i>x;. For the case xr=wx71 the
lemma (A3) still holds, since each of the expressions
(A1) and (A3) for xr 1=xr is equal to its limit as
XYL —>%r-1.

The second lemma that we wish to prove is a general
form of (2.26). Defining the quantity

Q(xow1- - - %n)
8 8
=[—F(xn) [1—F(x0)] / dys- - - / dyn

X H ritei==i-0 TT {0(y;—vs-)[1—F(a1)]

7=2

—0(via—v)F(xi-1)}, (AS8)

where x; are real, we shall prove that

d: n
an~m=ewji%@nuwraom
c¢2m i=0

where the contour C is given in Fig. 3.
Employing the method of induction, we first note that
for n=1, both members of (A9) give for x;7%x,

LE (1) — F (20) 1/ (%1—2x0) -

We again note that the product of the last two factors
in the right-hand side of (A9) can be written in terms of
their difference, and thus the right-hand side of (A9)

(A10)

1857
for =N can be written as
dz N—2
MmrmWFDHf~f@H@wr‘
¢ 2w =0
X[GE—an)'—(—av1)"]. (Al1)

Assuming (A9) for =N —1, we can write (A11) as

Dzwm]wlf

X I=I2 {0(v;—7i)[1 —F(2;-1) 1= 0(vj—1—7;) F (x;—1)}

N—-2
dny 1H e’)‘z(xz @4i—1)

X{ (axy—xy—_1) [ erv—1 (zN—xN—z)F(xN)

_e'yN—1(xN—1—xN—z)F(xN_1):|}_ (A12)
Now it is easily checked that the last factor in the
second curly bracket in (A12) can be rewritten

8
|:_F(xN)]evN—l(ZN—x—xN~2)/ dynerV(zN—zN-1)
0

X{0(vy—yn—D)[1 —F(xx—1)]

—0(yn—1—vn)F(xn-1)}. (A13)

Thus, inserting (A13) into (A12) and comparing it
with (A8), we see that (A9) is proven for =N, if it is
valid for n=N—1. Equation (A9) is thus proven by
induction. Note that we have (implicitly) considered
only the case xy_1>xy. For the case xy_i;=xy the
lemma (A9) still holds, since both expressions (A8) and
(A9) for xy_1=xy are equal to their limits as xy— xy_1.



